The subject of this paper is to study the thermoelastic behavior of a functionally graded semi-infinite medium heated uniformly by a laser beam having temporally Gaussian distribution. The surface of the medium is taken as traction free. The general solution is obtained in the Laplace transform domain. The inverse of the Laplace transform is computed numerically using the Riemann-sum approximation method. The numerical results for temperature, displacement and stress are obtained and presented graphically for the generalized theory of thermo-elasticity with one relaxation time.
Introduction
The study of the problem of thermoelasticity has been taken up by several authors. Biot (1956) developed the coupled theory of thermoelasticity to eliminate the paradox inherent in the classical uncoupled theory according to which elastic changes have no effect on temperature. The main drawback of Biot's equations was that they were based on Fourier's low, which predicted an infinite speed of propagation of heat. Lord and Shulman (1967) derived equations of dynamic thermoelasticity based on modified Fourier's law, and these equations are usually regarded as the basis of generalized thermoelasticity and called the generalized theory of thermoelasticity with one relaxation time. Green and Lindsay (1972) developed another generalized theory of thermoelasticity. This theory modifies both the energy equation and the Duhamel-Neumann relation. It admits two relaxation times. The theory of thermoelasticity without energy dissipation is another generalized theory and was formulated by Green and Naghdi (1993) . It includes the thermal displacement gradient among its independent constitutive variables, and differs from the previous theories in that it does not accommodate dissipation of thermal energy. Ozisik and Tzou (1994) , and Tzou (1995a,b ) developed a new model called the dual phase-lag model for the heat transport mechanism in which Fourier's law is replaced by an approximation to the modification of Fourier's law with two different time translations for the heat flux and the temperature gradient.
A large amount of work has been devoted to solving thermoelasticity problems with consideration of the coupling effect between temperature and strain rate. Stress waves in a half-space induced by variations of surface strain, temperature or stress were studied by Boley and Tolins (1962) and Chandrasekhariaiah and Srinath (1998). Mozina and Dovc (1994) attempted to use the Laplace transform to solve the thermoelastic stress wave induced by volumetric heating.
Due to the difficulty in finding analytical Green's functions, only a solution for locations on the surface was obtained.
Researches have also been examining thermoelastic problems with consideration of the non--Fourier effect, but without considering the coupling effect between temperature and strain rate. Kao (1976) was the first to investigate the non-Fourier effect and the thermoelastic wave in a half-space.
When a solid is illuminated with a laser pulse, absorption of the pulse leads to a localized temperature increase which in turn causes thermal expansion and generates a thermoelastic wave in the solid (Wang and Xu, 2001) . McDonald (1990) studied the importance of thermal diffusion on the generation of thermoelastic waves in metals induced by surface Gaussian laser beam heating. Engelhard and Bertrand (1977) studied the influence of optical penetration depth and the laser pulse duration on longitudinal acoustic waves induced by volumetric absorption of a laser beam. Henain et al. (2014) studied the thermoelastic interaction caused by heating a homogeneous and isotropic thermoelastic semi-infinite body induced by a Gaussian laser pulse. Allam et al. (2014) studied thermoelastic waves induced by pulsed laser in a non-homogeneous microscal beam.
The purpose of the present work is to study the thermoelastic interaction caused by heating a non-homogeneous and isotropic thermoelastic semi-infinite body induced by a laser pulse by employing the generalized theory of thermoelasticity. The problem is solved by using Laplace transform techniques. The inverse Laplace transform is computed numerically using the Riemann-sum approximation method. Numerical solutions for spatial temperature, displacement and stress are obtained using the generalized theory of thermoelasticity with one relaxation time. At the end of this work, we present the computed results obtained from the theoretical relations applied on a (Cu) target.
Mathematical modeling and basic equations
Consider a non-homogeneous anisotropic thermally conducting elastic solid at a uniform temperature T 0 . The governing equations for linear generalized thermoelastic media, in the absence of incremental body forces, and heat source are discussed below:
• The general model of heat conduction equation corresponding to five models of thermoelasticity takes the form (Allam et al., 2014) 1
• The constitutive equations for an anisotropic medium are given by
The parameters λ ik , are given by
which may be called the relaxation time matrix, or given by the relations
• The strain-displacement relations are given by Cauchy's relations
• The equations of motion are
where C ijmn are isothermal elastic constants, u i are the displacement components, θ = T −T 0 is the temperature increment, and T 0 is the environmental temperature assumed to be such that |θ/T 0 | ≪ 1.
In the above formulas, K ij is the thermal conductivity tensor, C E -specific heat at a constant strain, τ 0 , τ 1 are the 1st and 2nd relaxation times, τ q is the phase-lag of the heat flux, τ θ is the phase-lag of the temperature gradient 0 τ θ < τ q and ρ is the mass density. The dummy index implies summation. The dot and comma notations denote differentiation with respect to time and space, respectively. Equations (2.1)-(2.4) describe the coupled dynamical thermoelasticity theory, generalized thermoelasticity theory proposed by Lord and Shulman, generalized thermo-elasticity theory with two relaxation times developed by Green and Lindsay, Green and Naghdi theory without energy dissipation and dual phase-lag model for different sets of values of the parameters λ ik .
In equations (2.1)-(2.4): 1) if we put k = 1, then they reduce to equations of the classical theory of thermoelasticity (CTE),
2) when k = 2, then they reduce to equations of the generalized theory with one relaxation time (LS),
3) putting k = 3, then they reduce to equations of the generalized theory with two relaxation time (GL), 4) when k = 4 and K = K * (K * is a material constant characteristic of the Green and Naghdi theory), then they reduce to equations of the generalized theory without energy dissipation (GN).
5) if k = 5, then they reduce to equations of the generalized theory with dual-phase-lags (DPL).
Consider a thermoelastic, non-homogeneous isotropic semi-infinite medium occupying the region (z 0) and initially at uniform temperature T 0 . The surface of the target (z = 0) is uniformly heated by a pulsed laser beam and assumed to be traction free. The Cartesian coordinates (x, y, z) are considered in the solution with z-axis pointing vertically into the medium.
The generalized equation of heat conduction (2.1) takes the form The volume dilatation e and Laplace operator are thus given by e = e xx + e yy + e zz = ∂w ∂z
Using (2.7) and (2.2), the stress components are
The boundary conditions at z = 0
where q is the laser radiation propagating in the z direction, given by q = A 0 q 0 f (t), with A 0 the coefficient of heat absorption, q 0 intensity of the laser beam and f (t) temporal distribution of the laser radiation.
We use, sience the material is consiered inhomogeneous
where E 0 , K 0 and ρ 0 are assumed to be constants. Thus, the stress components are in form
Non-dimensionalization
The governing equations takes a more convenient form by using the following non-dimensional
For simplicity, we drop the dashes of all variables and parameters. The equation of heat conduction (2.5) is in the form
Equation of motion (2.6) reduces to
where
z is the dimensionless coordinate. The structure of the governing equations and the boundary conditions suggests the idea of looking for the solution to the problem in a Laplace transform integral, which was given by (Roberts and Kaufman, 1966) 
Thus, equations (3.1) and (3.2) assume the form
Eliminating w or θ from Eqs. (3.4), we arrive at two differential equations for θ and w
which may be written in form
Dimentionless boundary conditions (2.10) after using the Laplace transform are
Equations (3.6) and (3.7) are a complete system of ordinary differential equtions in w and θ.
Special case
We take F (z) in the form F (z) = e −z , then Φ(z) = (1/F (z))(dF (z)/dz) = −1 and then
In this case, equations (3.6) may be rewritten in form
Consider the solution to equations (4.2) in form
where m j (i = 1, 2) are the roots of equation
Substitution of (4.3) into (3.4) 1 , yields
Then, Eqs. (4.3) take the form
To evaluate the unknown parameters A j , we shall use boundary conditions (3.7). Taking Laplace's transformation of the component of stress σ zz in non-dimensional form, yields
After applying the boundary conditions, we arrive at the following two equations
Thus, the solution to system of equations (4.8) is
Inverse Laplace transform
Since the formulas of temperature, displacement and stresses are difficult to invert to the time domain, therefore a numerical inverse will be used. In order to invert the Laplace transform of temperature, displacement and stresses, we applay the Riemann-sum approximation method by using the relation
where Re is the real part, i = √ −1 is the imaginary unit number and N is a sufficiently large integer representing the number of terms. For faster convergence, numerous numerical experiments have shown that the value of k should satisfy the relation kt = 4.7, see (Tzou, 1995a ,b).
Application and computation
Now the generalized theory of thermoelasticity with one relaxation time (LS), where k = 2 will be considered in the calculation. Consider the intensity of the laser pulse to be given by a Gaussian distribution where t 0 is the time at which G(t) is maximum, ∆t is the time at which the intensity of the laser beam reduces to 1/e.
Results and discussion
Figure 1 represents in curve (a) the laser pulse with the maximum value at t = 0.003. The surface temperature distribution calculated per unit intensity is represented in curve (b). From the figure, it is evident that the maximum of the temperature distribution occurs at a time greater than the maximum of the laser pulse. This behavior can be attributed to the fact that at the beginning of the laser pulse the absorbed power compensates the heat losses due to conductivity. This fact leads to an increase in temperature. This increase lasts up until the absorbed laser power is equal to the heat losses, when the maximum of the temperature occurs. After this point, the absorbed laser radiation can not compensate the losses, and the temperature begins to decrease. Figure 2 represents the temperature distribution per unit intensity calculated at different times as a function of z. In Fig. 2 , it is shown that the temperature decreases as z increases, and that for (t = 0.002, t = 0.004 and t = 0.005) it is smaller than for (t = 0.0035). This can be attributed to the temporal profile of the laser radiation which is chosen to be Gaussian having its peak value at (0.003) and a half width (0.003). It is noted that the temperature moves deeper in the target as the time increases and vanishes at large values of z. Figure 3 represents the displacement w calculated for different z values with time as the parameter. It is found that it is a negative displacement at z = 0 and its vicinity, which is due to the heating effect of laser radiation that allowed the particles to move in the upward direction in the free half space corresponding to negative values of z. By increasing z values, Fig. 3 shows a positive displacement representing also movement of the particles downward. Figure 4 shows a strong negative gradient decrease with an increase in the z values. It takes place after reaching their maximum magnitude when the positive gradient decreases with increasing z values. It is also seen that the behavior of the curve with time is followed by the chosen temporal behavior of the laser radiation. 
